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 Numerical Cherenkov instability largely eliminated
for PSATD relativistic beam simulations

 Numerical stability software collection at
http://hifweb.lbl.gov/public/BLAST/Godfrey/

— Contains this talk, some software; more to come

* Algebra omitted from this talk available at
http://arxiv.org/abs/1305.7375v2

e Details from brendan.godfrey@ieee.org

*Introduced by I. Haber, et. al., Sixth Conf. Num. Sim. Plas. (1970)
Expanded upon by J.-L. Vay, et. al., paper 1B-1, PPPS 2013
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Generalized PSATD Algorithm [l
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* (= diag(ZZ, (o) Cy) - free parameters
e Jassumed to conserve charge

— e.g., Esirkepov algorithm or standard current correction
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Presentation Notes
Generalization is introduction of diagonal matrix ζ, affects transfer currents only
Uses different definition of B at half-integer times than used in Vay talk; to difference in results
Talk focuses on Esirkepov algorithm results
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with €y, = sin (wg) — sin (k At) k, =k, + mZ
2 2 Az
* Dispersion relation reduces to ®? — k* —n = 0in
continuum limit (n is density divided by y)
* Beam modes are numerical artifacts, trigger
numerical Cherenkov instability

— May have other deleterious effects
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Conceivably, artificial beam modes could couple with physical modes to produce other spurious effects


PSATD Normal Modes ﬂ ¢
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* w = Mod [k;,i—ﬂ

Parameters
VAt
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* Az = Ax = .3863

EM modes fold over when At > At, = (Az72 + Ax™2)™%
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Presentation Notes
Important PSATD advantages: No dispersion before fold-over, improved stability
EM behavior nonphysical for k>π/Δt, typically should be filtered out
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* Peak growth rates at

0.5 Fresonances
— m = 0 dominates for
0.4 E > 2 (Ax _ Az)
Ax At, Ax
0.3 — m = —1 dominates
otherwise
0.2
e Parameters
0.1 At
—-Z=12v~1
Az
0 — Cz — Cx =1

— Linear interpolation

Numerical Cherenkov instability dominant resonances typically lie at large k,At/2
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Presentation Notes
Make distinction between resonant and non-resonant modes, effect of option (b) vs (a) on latter
Describe how modes move as dt/dz changes
Higher order interpolation suppresses higher order instabilities at small k
Describe k=π/Δt line


(, Can Reduce Instability S
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* Option (a) - (, = kz%cot (kz %)
A A
(, = kxyxcot (kx 7x)
* Option(b)- (=0 =1

* Option (c) - , to suppress m = 0 instability
— Choose (, so that C, = 0 at resonance
— Verify (, > 1 as k — 0 (it does)
— Set {,= 0 when it falls outside1 = (, = 0
— Choose any reasonable (,, — here, (,, = (,

In general, 1 = ¢ = 0 necessary to avoid new instabilities
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Presentation Notes
See earlier reference for  ζ 𝑧  expression
Option (c) sets leading term in Laurent series to zero
Using  ζ 𝑥  to set second term in series to zero is to restrictive in k-space
Option (c) may seem arbitrary but works well


(., C, and Digital Filter Plots —T
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e Evaluated forE = 1.2
Az

* Ten-pass bilinear filter shown for comparison

Option (a) — ¢, Option (¢) — .,{ Sqrt[Filter]

C,, Cy filter transverse current components only
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Presentation Notes
Sqrt{Filter] plotted, because instabilities scale as sqrt or slower – width at half max about 38% of kz
Filter carried over from earlier FDTD simulations
Sharper filter with larger sweet spot works well for option (c), results later
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Linear Interpolation, No Filter, y=130 e
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Analysis (a)
® Simulation (a)

= = = = Analysis (b)
A Simulation (b)
Analysis (c)
Simulation (c)
""" Analysis (d)
®  Simulation (d)

0.0

1.0
v At/Az

2.0 3.0

e Option (c) suppresses m = 0 instability only
e Option (d) — conventional current deposition and
correction — included for comparison
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m=1 instability dominates at small vΔt/Δz
Various higher order modes (typically m=+1,-2) dominate option (c) at larger vΔt/Δz
Growth drops to zero for option (c) at integer vΔt/Δz, because aliases coalesce there
Option (d) is standard current interpolation and corrections


TS) Cubic Interpolation, Filter, y=130 "'":}I‘“I
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 Numerical Cherenkov instability largely eliminated
e Option (c) residual growth a finite-y effect
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Option (c), Cubic Interpolation, ‘\lx

Variable Width Sharp Filter, y=130 [ERRpE
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! : Simulation (c)
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. T T .
e ] =0fork > amin E’A_z]’ a values in legend

e Option (c) filter from last slide kept as baseline
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Presentation Notes
Growth rate of .125 at small dt/dz for α=1, due to m=-1 mode


WARP Simulations Confirm Numerical ‘\lw

Cherenkov Instability Suppression — EEEEg

107 = 2D - smoothing - cubic deposition
6 —— PSATD (a)
10 = PSATD (c)
; Seemassntenas,,, . ===« PSTD (a)

~ S ] = P S CLLUET Galerkin-CK
:E 10 \ v ~|= = Uniform-CK
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v At/Az

* Numerical energy growth in 3 cm, y=13 LPA segment
 FDTD-CK simulation results included for comparison

6/18/2013 12


Presenter
Presentation Notes
Pseudo-Spectral Time Domain algorithm has restrictive Courant condition (UCLA team has article in arXiv)
Energy growth levels influenced by number of unstable modes, initial noise spectrum, nonlinear effects, as well as linear growth rates


Analysis Also Valid at Lowy [l
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* Performed to identify errors not visible at high y
* Electrostatic numerical instability dominates at low y
e Option (b) used
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Presentation Notes
Numerical Cherenkov instability becomes weaker, electrostatic instability stronger at lower γ
Crossover at γ=1.4
Eliminate latter by methods of Bruce Langdon and Ralph Lewis


PSATD with Potentials ,-—,,j}”;a]

(Use for Pushing Canonical Momenta) BERKELEY LAB
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* Gauge invariance: One of four potentials {4, ®} can be
specified arbitrarily
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My 1975 paper predicted that pushing canonical momenta could eliminate Cherenkov instability


First Attempt Partly Successful Sl
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* Choose gauge & = vA, cos (a) Azt)

e Resulting high-y dispersion relation:

At At k,At At
Co Sin (oo > ) [sm (oo 7) — COoS (w —)]
+nz C0+nz Clcsc[(oo k’v)—]—O

 Reduces order of spurious beam mode from 2to 1

* Introduces spurious vacuum mode

() _ ket
dan| w > = >
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Presentation Notes
Many possible choices of gauges; this one akin to Galilean transformation to beam frame
Many variants possible, even with this choice of gauge
Eliminating spurious vacuum mode easy, but returns spurious beam mode to second order
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* Growth reduced by % at small vAt/Az, by % otherwise
* Options defined as before, but details of (c) differ
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Option (c) expression different but derived as before


{ Cubic Interpolation, Sharp Filter, y=130 N| i:}I
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0.04 - Gauge Analysis (a)
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2 0.03 Gauge Analysis (c)
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. [T m]
e J] =0 for min |—,— =1
J=0fork>a ol @
* New instability dominates (but vanishes for @ < 0.6)
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Option (c) factor applied to longitudinal rather than transverse current
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0.006

0.004
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Low growth rate
Small k range

Bad location

w = k,v

Also occurs in PSTD

Parameters

VAL
- —— =12,y =130

— Option (b)
— Sharp filter, a = 1
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Presentation Notes
Analytic expression can be derived for instability growth rate, but source of instability nonetheless unclear
Is not due to new extraneous mode
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Implement ® = vA4,algorithm in WARP, validate
results

Obtain Option (c) (,, (. for finite y
Explore other PSATD variants
Understand, suppress new instability
Generalize to FDTD

Add more material to
http://hifweb.lbl.gov/public/BLAST/Godfrey/
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BACKUP
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@Analytical Approximations Available (il
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* Resonant instability - I' = ‘ "

Z

— Typically so strong it must be filtered digitally
— But, not difficult to do

\/4nCOC2 —le C12

* Nonresonant instability -I' =
CoAt

— Not so strong, but often lies at small k,At/2
— Filtering more difficult to accomplish

— So, combine filtering with making nC12 > (CoCy

* Eliminating nonresonant instability the focus of talk
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* (,atk, = 0onleft, {, at k, = 0 on right

* Ten-pass bilinear filter shown for comparison
At

* Evaluated for— = 2
Az
]..[l_ ~ 1.0
0.8} 0.8}
0.6} 0.6}
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(., C, filter transverse current components only
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Replace plots by 2D contour plots


BERKELEY LAB

kFlS) Cubic Interpolation, Filter, y=130 \l :
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3 0.03 - Gauge Analysis (a)
g 0.02 Gauge Analysis (b)
Gauge Analysis (c)
0.01 -
0.00 ' '
0.0 0.5 1.0 1.5 2.0
v At/Az

* Growth infinitesimal for vAt/Az < 1.3
* New instability increases option (c) growth at larger
vAt/Az, but still very small
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Growth less than 1.E-5 for smaller 𝑣Δ𝑡/Δ𝑧


	Numerical Stability of the Pseudo-Spectral EM PIC Algorithm*
	Pseudo-Spectral “Analytical” �Time Domain (PSATD) Algorithm*
	Generalized PSATD Algorithm
	2-D High-γ Dispersion Relation
	PSATD Normal Modes
	Full Dispersion Relation Growth Rates
	 ζ 𝑧  Can Reduce Instability
	 ζ 𝑧 ,  ζ 𝑥  and Digital Filter Plots
	Linear Interpolation, No Filter, γ=130
	Cubic Interpolation, Filter, γ=130
	Option (c), Cubic Interpolation,�Variable Width Sharp Filter, γ=130
	WARP Simulations Confirm Numerical Cherenkov Instability Suppression
	Analysis Also Valid at Low γ
	PSATD with Potentials�(Use for Pushing Canonical Momenta)
	First Attempt Partly Successful
	Linear Interpolation, No Filter, γ=130
	Cubic Interpolation, Sharp Filter, γ=130
	New, but Weak, Instability Occurs
	Next Steps
	Backup
	Analytical Approximations Available
	 ζ 𝑧 ,  ζ 𝑥  and Digital Filter Plots
	Cubic Interpolation, Filter, γ=130

